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During the freeze-form extrusion fabrication process, both the extrusion and 
freezing processes are complex due to the aqueous-based ceramic pastes' non-Newtonian 
behavior, large latent heat of the water contained in the paste, and the small temperature 
difference between the ambient and the paste. In this study, the steady-state relationship 
between plunger velocity and extrusion force is developed based on a modified Herschel-
Bulkley viscosity model and the Navier-Stokes equations, and the dynamic response of 
the extrusion force is described by a first-order nonlinear equation when plunger velocity 
is taken as an input. It is shown that the extrusion response time depends on the amount 
of air inside the extruder and the magnitude of the extrusion force. Air bubble release and 
pre-loading are then analyzed based on the developed constitutive model. The freezing 
process is modeled by a simplified one-dimensional heat transfer model and a lumped 
method. As the layer number increases, the paste freezing time increases and finally 
reaches a steady state. A non-dimensional analytical solution for the freezing time of 
parts with large numbers of layers was obtained using the lumped method. The effects of 
both non-dimensional and dimensional factors on the critical freezing time were studied. 
The critical freezing time is the time when the steady-state freezing time equals the total 
time between layers, which is the sum of the deposition time for the current layer and the 
dwell time between the current and next layers. A series of simulations and experiments 
were conducted to validate the predictive capabilities of the constitutive model for the 
extrusion force and the critical freezing time for parts with large numbers of layers. Good 
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Symbol Description         
r, θ, z Coordinates (m, rad, m, respectively) 
ur, uθ, uz Radial, cylindrical, and longitudinal velocities, respectively (m/s) 
ρ Density (kg/m3) 
t Time (s) 
g Gravity (m/s2) 
p Pressure (Pa) 
ζ Shear stress (Pa) 
ζrz Shear stress caused by longitudinal velocity changing in radial direction 
(Pa) 
μ Viscosity (Pa∙s) 
ζ0 Yield shear stress (Pa) 
κ Consistency index (kg/m∙s) 
n Power law index 
  Shear rate (s-1) 
c  Critical shear rate (s
-1) 
p' Pressure drop rate (Pa/m) 
B, C Constants 
r0 Pipe radius (m) 
rc Critical radius, where critical shear rate occurs (m) 
ubulk Paste bulk velocity (m/s) 
A Area (m2) 
P' Pressure drop rate function (Pa/m) 
up Plunger velocity (m/s) 
rp Plunger radius (m) 
Fram Ram force (N) 
Ffric Friction force between plunger and barrel (N) 
Ap Plunger cross-sectional area (m
2) 




Va Air volume (m
3) 
ua Bulk velocity of paste-air interface (m/s) 
pa Air pressure (Pa) 
patm Atmospheric pressure (Pa) 
l0 Initial air layer thickness (m) 
Kt Time constant (s) 
KL Gain (N∙s/m) 
lp Total length of paste in nozzle (m) 
ε Dummy variable 
T Temperature (°C) 
k Thermal conductivity (W/m∙°C) 
H Enthalpy (J/kg) 
S  Volumetric rate of heat generation or absorption (W/m3) 
c Specific heat (J/kg∙°C) 
χ Material's liquid fraction 
L Latent heat (J/kg) 
T  Ambient temperature (°C) 
h Convection coefficient (W/m2∙°C) 
n Normal vector to the boundary surface 
v Volume fraction 
m Mass fraction 
Subscript P Variable of paste 
Subscript e Variable of ceramic particles 
Subscript w Variable of water 
Subscript b Variable of binder plus despersant 
Subscript u Variable of mixture of ceramic particles, binder, and dispersant 
D Part's effective dimension (m) 
k∞ Thermal conductivity of air (W/m∙°C) 
Pr Prandtl number 




Re Reynolds number 
β Coefficient of volume expansion (1/K) 
ν∞ Kinematic viscosity of air (m
2/s) 
Δy Filament width (m) 
Δz Filament height (m) 
δt Time step size (s) 
δz Spatial step size (m) 
tc Critical freezing time (s) 
T0 Initial paste temperature (°C) 
Subscript s Solid region 
Subscript m Mushy region 
Subscript l Liquid region 
TS Solidus temperature (°C) 
η Non-dimensional time 
Bi Effective Biot number 
Biz Effective Biot number on top surface 
η Non-dimensional enthalpy 
E Non-dimensional latent heat 
λ Eigenvalue 
W Lambert W function, principal branch 
ηf Non-dimensional freezing time 
ηd Non-dimensional steady state freezing time 







Due to their high heat resistance and hardness, ceramic materials are widely used 
in automotive, aerospace and other industries. However, traditional technologies for 
processing ceramic materials are very expensive and time consuming when fabricating 
parts with complex geometries. Over the past few years, several Solid Freeform 
Fabrication (SFF), also called Rapid Prototyping (RP), Additive Manufacturing (AM) 
and other names, processes have been developed to fabricate ceramic components from 
three-dimensional (3D) CAD models. Freeze-form Extrusion Fabrication (FEF) is a 
novel, environmentally friendly SFF method for fabricating ceramic parts [1-3]. In this 
process aqueous-based ceramic pastes with high solids loadings up to 60 vol.% and trace 
amounts of organic binder (1-4 vol.%) are used in a low-temperature environment (< 0 
oC) to fabricate parts. During the process, the aqueous based colloidal paste is extruded 
from one or multiple extruders to fabricate a ceramic component in a layer-by-layer 
manner. The low-temperature environment aids the part in maintaining its shape by 
freezing the water present in the paste. 
The paste used in FEF process was a combination of ceramic powder, organic 
binder, dispersant, and deionized water. During the paste preparing process, the ceramic 
powder was dispersed in deionized water using dispersant, then this mixture was ball 
milled to break up agglomerates and to produce a uniform mixture. Binder was then 
added to the slurry with mechanical stirring to increase paste viscosity and to assist in 
forming a stronger green body after drying. Finally, a vacuum mixer was used to remove 
air bubbles trapped in the paste. 
Three types of methods have been used to predict extrusion force in the literature. 
The first category includes the Benbow-Bridgwater model [4], the viscoplasticity method 
[5] and the artificial neural network method [6]. This type of method, especially the 
Benbow-Bridgwater model, is widely used in the prediction of extrusion forces. The 
parameters in the predictive models are usually obtained empirically. These techniques 
are not based on a viscosity model; instead, viscosity is measured by extrusion 
experiments or other standard methods. The second type of method includes upper bound 




type of methods uses the basic material properties, such as viscosity and density; 
however, they typically need to solve a set of high-order partial differential equations, 
which is very time-consuming. In addition, this type of methods does not provide the 
insights that can be used to derive a constitutive extrusion law, which is crucial for 
efficient process planning and controller design. The third type of methods includes 
analytical studies which are also based on basic material properties [10]. In this type of 
methods, the paste viscosity is characterized by the Herschel-Bulkley model [11] and 
then the relationship between extrusion force and plunger velocity is developed. 
However, in the previous study [12], the Hershel-Bulkley model considered the zero-
shear viscosity as infinite, which introduces errors during the extrusion transient phases. 
The dynamic response, which is related to extrusion mass flow rate, is also 
important for precise EOD in the FEF process [13]; however, only empirical modeling 
work has been done thus far. Mason et al. [2] characterized the extrusion force dynamics 
for ceramic paste by a first-order linear model using experiments where constant ram 
velocities in the operating range were applied to estimate model parameters. They 
observed significant variation in the time constant, which is caused by different amounts 
of air trapped in the paste. They ascribed this phenomenon to paste inhomogenity. Zhao 
et al. [3] noted that as paste is extruded, air bubble release will decrease the effective 
compressibility of the paste; therefore, the time constant will decrease and the gain will 
increase. Zhu and Smay [14] studied the thixotropic rheology of alumina paste 
empirically using structural kinetics; however, their theory cannot explain the change in 
time constant before and after air bubble release. 
In Sections 2 and 3 of this dissertation, the extruder geometry was modeled as a 
series of pipes, and the paste was modeled as an incompressible fluid whose viscosity 
was characterized using a modified Herschel-Bulkley model. The Navier-Stokes equation 
was utilized to describe the paste flow and then simplified to investigate the steady-state 
relationship between plunger velocity and extrusion force. Compressibility was taken into 
consideration by adding air bubbles into the incompressible paste and a dynamic 
extrusion force model is obtained. Air bubble release was then analyzed using this 
constitutive model. A capillary rheometer was used to determine the viscosity model 




Capillary rheometers have a wide working range [15], which is important for the highly 
viscous paste used in the Freeze-form Extrusion Fabrication (FEF) process [2, 3]. 
Extrusion experiments were conducted by using a single extruder to validate the steady-
state and transient characteristics of the dynamic extrusion force model. The extrusion 
equipment with its control system was described in detail in [2, 3, 13]. Highly nonlinear 
paste responses at low extrusion forces and air bubble release were observed in many of 
the extrusion experiments. Simulation and experimental studies were conducted to 
analyze these phenomena.  
After the paste is extruded from the extruder nozzle, the paste freezes very 
quickly when it is directly deposited on a metal substrate in the subzero temperature 
environment. However, as the part height increases, the heat conduction rate to the 
substrate decreases and, thus, the freezing time increases. In some cases, the freezing 
time may substantially exceed the time required to extrude one paste layer. When the 
paste is not totally frozen and remains in a semiliquid state, a large part may deform or 
even collapse during the fabrication process. As in most additive manufacturing 
processes, the spatial and temporal temperature distributions, which affect part quality 
and dimensional accuracy, are significantly influenced by the process parameters. 
Therefore, the factors affecting the paste freezing time should be investigated in order to 
determine the time required for freezing and, thus, prevent the part from collapsing or 
deformation while minimizing the fabrication time. 
Both experimental studies and thermal analysis are widely used to understand the 
physics of AM processes and to improve the part quality of these processes. Zeng et al. 
[16] reviewed the thermal analysis methods in Laser Sintering and Selective Laser 
Melting processes. The governing equations, boundary conditions, material properties, 
energy source characteristics, analytical solutions, and numerical simulations were 
reviewed in this paper. Tapia et al. [17] reviewed temperature and displacement sensors, 
monitoring setup, and control research progress in metal-based AM processes. Both of 
the review papers noted that there is still a significant lack of physical understanding and 
mathematical models for thermal analysis of AM processes. In some of the recent AM 
research, the effects of interpass idle time [18], heat transfer rate [19], and slice thickness 




Numerical simulation was the main method used to conduct thermal analysis in 
AM processes. In a related freeform fabrication process, the rapid freeze prototyping 
process [21], which uses water as the part material, the solidification time was studied 
using both finite difference analysis [22] and finite element analysis [23,24]. Since the 
simulation is computational expensive, an adaptive meshing method [25] and dimension 
reduction [26] were applied to reduce node number and simulation time. However, few 
analytical studies [27] have been done and the basic physical understanding is still 
lacking. 
In Section 4 of this dissertation, a simplified one-dimensional (1D) heat transfer 
model was introduced to provide a deep understanding of the paste freezing behavior, and 
the model was validated by the commercial finite element software  FLUENT. The paste 
temperature and the paste freezing time were computed via numerical simulations based 
on this simplified model. Eight factors were considered in this study, including total time 
between layers, convection coefficient, material, solids loading, initial paste temperature, 
ambient temperature, filament height, and filament width. Their effects on the steady-
state and critical freezing times for parts built starting from the substrate were studied.  
In Section 5 of this dissertation, a lumped method was used to further the 
understanding of FEF processes in fabricating thin-wall parts. A non-dimensional 
analytical solution for the critical freezing time (i.e., when the steady-state freezing time 
is equal to the total time between layers) was obtained from this method, and its 
corresponding dimensional solution was compared with numerical simulation results. 
Experiments using different pastes and extrusion parameters were conducted to validate 
the prediction of the lumped method. Possible error sources during the experiments were 




2. EXTRUSION PROCESS MODELING FOR AQUEOUS-BASED CERAMIC 
PASTES, PART 1: CONSTITUTIVE MODEL 
2.1. ASSUMPTIONS AND BOUNDARY CONDITIONS 
The following assumptions are made: 
(1) The extruder geometry is modeled as a series of pipes. 
(2) Since the extrusion velocity is slow (10−5 to 10-2 m/s) and the paste viscosity 
is high (~20 Pa∙s), the Reynolds Number will be much smaller than 1; 
therefore, the flow is taken as laminar. 
(3) Since the Reynolds Number is small, the developing section of flow is much 
shorter than the length of flow channel; therefore, the flow is taken as fully 
developed. 
(4) Since the extrusion velocity is slow, the pressure drop caused by changing 
flow channel cross-sections is negligible. 
(5) The material is homogenous. 
(6) The flow channel is completely filled by paste, except for studies where air is 
present. 
(7) Unless otherwise stated, the paste is incompressible. 
(8) The temperature is constant. Therefore, viscosity is only a function of shear 
rate, and density is only a function of pressure. 
(9) The paste does not experience slip at the wall. 
 The following boundary conditions are used: 
(1) Since the paste is assumed to not experience slip at the wall, the paste velocity 
at the wall is zero. 
(2) The pressure at the extruder outlet is 101,325 Pa, i.e., 1 atm. 
(3) The plunger is modeled as a moving wall. Thus, the paste velocity at the 






2.2. STEADY-STATE EXTRUSION FORCE MODEL  
While flowing in a pipe, the paste continuity and momentum equations can be 
described by the Navier-Stokes equations in cylindrical coordinates. Since there is no 
source or velocity in the θ direction, the terms involving θ can be neglected. The 











The momentum equation in the radial direction is 
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 (2.2) 
The momentum equation in the circumferential direction is neglected and the momentum 
equation in the longitudinal direction is 
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 (2.3) 

















. In this case Eq. (2.2) 
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Previous research has shown that the paste viscosity has a yield stress and a shear 
thinning behavior [1]. This type of viscosity can be described by a modified Herschel-
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Substituting Eq. (2.7) into the equation 
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, which means that once the shear stress for fluid 
flows in one direction is computed, the shear stress for fluid flows in the reverse direction 
can be obtained by simply changing the sign. Therefore, to simplify the derivation 
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The boundary condition is 
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Solving Eq. (2.25) for B1 
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Substituting Eq. (2.26) into Eq. (2.21) for r ≥ rc
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From Eq. (2.22) 
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Substituting Eqs. (2.27) and (2.31) into Eq. (2.32) and rearranging 
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In Eq. (2.33), 
c , 1C , 2C , 3C , 4C  and 5C  are given and they are functions of material 
properties, and r0 is determined by the ram geometry. Given a value of ubulk, p' can be 
solved numerically using Eq. (2.33).  
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Integrating the left side of Eq. (2.39) 
 
   
 
5 7
2 7 22 2
0 3 4 0 3 3 4 0













r C C p r C C C p r
C p C p
C C p r rC r u r
C C p




   

 (2.40) 
In Eq. (2.40), the parameters C1, C2, C3 and C4 are functions of material properties, and 
the parameter r0 is determined by the ram geometry. Given a value of ubulk, p' can be 
computed numerically using Eq. (2.40). Then, for specific values of r0 and ubulk, rc is 
calculated from Eq. (2.28). If r0 > rc, then p' is solved from Eq. (2.33); if r0 ≤ rc, p' is 
solved from Eq. (2.40). 
 From the above derivation and discussion, p' is a function of material properties, 
flow channel radius and paste bulk velocity, and can be written in the form  




Typically the plunger velocity up is known. Then, for a ram extruder having N sections, 
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which is a function of material properties, extruder geometry and plunger velocity. For 
specific material properties, the pressure drop is a function of plunger velocity and 
plunger position 
  ,  pP P z u  (2.44) 
For most extruders, the barrel radius is much larger than the nozzle radius; therefore, the 
paste velocity in the barrel is much lower. In this case, the pressure drop in the barrel can 
be neglected, and the pressure drop function becomes 
  pP P u  (2.45) 
Typically, a ram driven by a motor is used to push a plunger to extrude paste. A load cell 
can be connected to the ram to measure the force between the ram and the plunger, which 
is referred to as the extrusion force. Therefore, the relationship between extrusion force 
and plunger velocity is 




In order to build this relationship to determine the extrusion force, the extruder geometry 
can be modeled as sections of pipes and the paste viscosity can be characterized using the 
modified Herschel-Bulkley model. For each extruder section, the pressure drop rate is 
determined by Eq. (2.42), and the pressure drop from the plunger to the nozzle tip is 
calculated by Eq. (2.45), or Eq. (2.44) if the pressure drop in the barrel is not negligible. 
Then, the relationship between extrusion force and plunger velocity is built from Eq. 
(2.46). This relationship depends on both the extruder geometry and the paste viscosity. 
 
 
2.3. DYNAMIC EXTRUSION FORCE MODEL 
During the paste extrusion process for a constant plunger velocity, the extrusion 
force response has been observed to be slow (on the order of minutes [2]) when the 
plunger velocity changes to another constant value. It is believed that material 
compressibility is the reason for this slow response. The paste, which is mainly composed 
of water and ceramic powder, is supposed to be an incompressible material. However, a 
small amount of air is often trapped in the paste as evidenced by air bubble release that 
has been observed during the extrusion process. Since the paste contains air bubbles, 
which become trapped in the paste during paste preparation and loading processes, the 
entire mixture can be treated as a compressible material. A dynamic extrusion force 
model is built on this assumption.  
Consider a volume of compressible air in an incompressible paste with the 












u dA u dA
dt
    (2.47)  
The volume of the compressible air is a function of pressure 
  a aV V p  (2.48) 
From Eq. (2.44), the absolute pressure of the compressible air is 
  ,a a atmp P z u p   (2.49) 
As mentioned in Section 2.2, when the ram geometry consists of a large radius barrel 
connected with a small radius nozzle, it can be shown that the pressure drop in the barrel 
is negligible. For this geometry, the position of the compressible material in the barrel is 
not important; therefore, the mixture can be modeled as a layer of compressible material 






Figure 2.1. Schematic of a volume of compressible air in an incompressible paste flowing 














In this case, Eqs. (2.47) and (2.49), respectively, can be written as 
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    a a atmp t P u t p     (2.51) 
If the compressible material in Figure 2.2 is pure air, based on the ideal gas model and 
assuming constant temperature, Eq. (2.48) becomes 
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Integrating Eq. (2.50) with respect to time
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If the air layer has an initial thickness l0, then combining Eqs. (2.52) and (2.53) with 
  00a pV l A , and solving for  ap t  
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where P–1 is the function inverse of P. In this case, za(t) can be obtained by solving Eq. 







Performing a force balance on the plunger, the extrusion force is  
      sgnram p a atm fric pF t A p t p F u      (2.57) 
Substituting Eq. (2.54) into Eq. (2.57) 
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Solving Eq. (2.58) for za 
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Substituting Eq. (2.59) into Eq. (2.56) and rearranging 
 
     
 






ram fric p p atmram
p a
p a ram fric p
F t F u A pdF t
dt A p l
u t u F t F u
   
    
 (2.60) 





     
 
 












F t F u A pdF t
dt A p l




   
   
    
    
 (2.61) 
Equation (2.61) is the constitutive law for the extrusion of aqueous-based ceramic pastes. 
In this equation, the term pa(0)l0 is proportional to the total mass of air trapped in the 
paste. The term Fram(t) – Ffricsgn(up) + Appatm is proportional to the pressure of air trapped 





 , up(t) − ua(t) = 0. When up(t) changes from zero to some constant value, 
Fram increases from Ff to some steady-state extrusion force and, when up(t) goes to zero, 
Fram will decrease from its current value to Ffric. 
 Since the dynamic extrusion force model is described by a first-order nonlinear 
equation, the response time cannot be determined analytically. However, it can be 
approximated by linearizing the dynamic extrusion force model at a nominal extrusion 
force 
ramF  and a corresponding nominal plunger velocity   sgnp a ram fric pu u F F u   as 
follows: 
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The linearized model is 






where the incremental extrusion force and velocity, respectively, are 
    ˆram ram ramF t F t F   (2.64) 
    ˆp p pu t u t u   (2.65) 
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The response time is determined by pa(0)l0, Fram and dua/dFram. As the value of pa(0)l0 
increases, the response time increases. The effects of Fram and dua/dFram are more 
complex since, for a specific paste and extruder, dua/dFram is also a function of Fram. 
Typically, as the extrusion force Fram increases, the response time decreases. The gain is 
only determined by the relationship between up and Fram. For a typical ceramic paste, as 
the extrusion force Fram increases, the gain decreases. 
 
 
2.4. AIR BUBBLE RELEASE 
Typically, air exists in the paste in the form of bubbles. During the extrusion 
process, air bubbles may be released, causing an extrusion discontinuity and a sudden 




model derived in Section 2.3. When an air bubble goes through the nozzle, the volume of 
paste in the nozzle will change. This process is shown in Figure 2.3. In this case the term 
pa(t) in Eq. (2.51) is described by 
      a p a atmp t l t P u p   (2.68) 
Substituting Eq. (2.57) into Eq. (2.68) and solving for 
au  
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Substituting Eq. (2.69) into Eq. (2.60) 
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It is assumed that the air bubble has volume Va and enters the nozzle at time t0. Since the 
air bubble volume is assumed to be small relative to the total volume of air trapped in the 
paste, the air bubble volume change can be neglected while it goes through the nozzle, 
and lp(t) is 
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Equation (2.71) describes the three phases of air bubble release. In the first phase, 




the length of paste in the nozzle will decrease. In the second phase, the air bubble has 
fully entered the nozzle. In this phase the length of paste in the nozzle is constant since 
the air bubble volume is assumed to be constant. In the third phase, the air bubble has 
reached the end of nozzle and starts to release. In this phase the length of paste in the 
nozzle will increase until the nozzle is completely filled with paste, assuming another air 














3. EXTRUSION PROCESS MODELING FOR AQUEOUS-BASED CERAMIC 
PASTES, PART 2: EXPERIMENTAL VERIFICATION 
3.1. EXTRUDER GEOMETRY 
Two types of extruders were used in this study; one is a capillary rheometer used 
to characterize paste viscosity and the other is a single extruder used to fabricate parts. 
These extruders can be modeled as pipes. The assumptions and boundary conditions used 
to develop the steady-state and dynamic extrusion force models are discussed in Section 
2. 
 The geometric model of the capillary rheometer used for viscosity measurement 
in this study is shown in Figure 3.1. The dimensions of this capillary rheometer are lp = 
60 mm, rn = 0.55 mm, and rp = 4.78 mm. The capillary rheometer includes a barrel with a 
large diameter to hold the paste and a die with a small diameter where the pressure drop 
rate is dominating. To minimize the effect of flow channel cross section change, two 
different diameter dies, denoted die 1 (ln = 20 mm) and die 2 (ln = 10 mm), were used in 
this study. After determining the paste viscosity parameters, another ram extruder, which 
is used to fabricate parts, was employed to validate the constitutive model created in 
Section 2. The geometric model of the ram extruder is shown in Figure 3.2. The ram 
extruder includes a barrel to hold the paste, a throat to connect the nozzle with the barrel, 
and a nozzle with a small diameter. The dimensions of this ram extruder are lp = 120 mm, 





















3.2. EXPERIMENTAL SETUP 
A series of extrusion studies were conducted to validate the steady-state and 
transient responses predicted by the extrusion force models. In order to predict the 
extrusion force, the paste viscosity was obtained by conducting a set of experiments using 
the capillary rheometer depicted in Figure 3.1. After determining the paste viscosity, a 
series of experiments were conducted using the single extruder depicted in Figure 3.2 to 
validate the steady-state model. The dynamic responses obtained from these experiments 
were used to validate the constitutive model and the predicted effect of air bubble release. 
 In these experiments, Kollmorgen servomotors (AKM23D-EFCNR-00 for the 




rams. Load cells (Omega Engineering model LC-305-25 for the capillary rheometer, 
Omega Engineering model LC-305-1k for the single extruder) were used to measure the 
extrusion force. The load cells have ±0.11 N and ±4.5 N resolutions for the capillary 
rheometer and single extruder, respectively. The load cell signals were sent to amplifiers 
that increase the differential voltage signals by a factor of 50. The signals were then read 
by a National Instruments PXI-6025E multifunction board. National Instruments 
Labview software was utilized to control the ram velocity and record the ram velocity 
and extrusion force data with a sample period of 10 ms. When the ram is pushing the 
plunger, the ram velocity is also the plunger velocity, otherwise the plunger velocity is 




















Each test consisted of three extrusion experiments, two without paste and one 
with paste. The first experiment was conducted without paste at a constant ram velocity 
of 0.25 mm/s to test whether the barrel and plunger were well lubricated. The second 
experiment was conducted without paste using the same ram velocity that was to be used 
in the third experiment, which was later conducted with paste. The second experiment 
was used to determine the friction between the barrel and the plunger. The third 
experiment was used to gather the paste extrusion data. When multiple velocities were 
used in the third experiment, friction tests were conducted separately for each velocity. 
The experimental data showed that the wall friction in the capillary rheometer varied 






3.3. VISCOSITY MODEL 
In order to determine the paste viscosity model parameters, several batches of 
45% solids loading Al2O3 paste were tested using the capillary rheometer depicted in 
Figure 3.1. Each batch was made using the same procedure. Forty-two tests were 
conducted to measure the extrusion force. For each test, a constant ram velocity was 
applied and the extrusion force was recorded. For each extrusion test record, the steady-
state section of the response was selected and the average extrusion force was calculated 
as the steady-state extrusion force for the corresponding plunger velocity. The Herschel-
Bulkley model parameters was then identified using the steady-state extrusion forces and 
their corresponding plunger velocities.  
 The pressure drop in the capillary rheometer barrel can be neglected; therefore, 
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  (3.2) 
Since the two capillary rheometer dies have the same radius, the parameter values in Eq. 
(3.2) are the same. Least squares regression of the pressure drop rate model with the 
experimental data was conducted using the nlinfit function in MATLAB, which is based 
on the Levenberg-Marquardt algorithm for nonlinear least squares [29]. The calculated 
viscosity model parameters are n = 0.437, κ = 67.1 kg/m∙s, ζ0 = 249 Pa and
133.6 sc
 . 




squared error of 2.04 MPa/m. This pressure drop is relatively small in comparison with 
the average pressure drop rate of 20.6 MPa/m, illustrating that the model fits the data 
very well. The pressure drop rate model is correlated with the experimental results in 
Figure 3.5, and the extrusion force models fit to experimental results for the two dies in 
Figure 3.6. It is seen that the extrusion force increases with an increase in plunger 
velocity; however, the extrusion force increases slowly as the plunger velocity increases, 
indicating that the paste has a shear thinning property. For the same ram velocity, the 
extrusion force varies due to batch variation, paste inhomogeneity in the same batch, and 



















3.4. STEADY-STATE EXTRUSION FORCE VALIDATION RESULTS 
Tests were conducted using the single ram extruder to experimentally verify the 
steady-state component of the extrusion force model. The viscosity model parameters in 
Section 3.3 were used in the mathematical model, i.e., Eq. (2.41), to predict the extrusion 
force. The comparison between the analytical model predictions and experimental results 
is shown in Figure 3.7. It is seen that good agreement is obtained between experimental 
and simulation results, especially for paste #3, which was used to calibrate the viscosity 
model parameters. Due to the inconsistency of paste and the variation of wall friction, the 






Figure 3.7. Steady-state extrusion forces obtained analytically and experimentally on 





3.5. DYNAMIC RESPONSE RESULTS 
To predict the extrusion force dynamic response using the developed analytical 
model, the air volume fraction must be known. However, the air volume fraction in the 
paste is difficult to measure in practice and varies significantly between different batches 
of paste. Therefore, the dynamic response varies significantly between different extrusion 
experiments. The capillary rheometer was given a set of constant ram velocities as shown 
in Figure 3.8. According to the dynamic model in Section 2.3, the dynamic response 
settling time is a function of initial air layer thickness and extrusion force. Therefore, the 
dynamic response of one transient phase (in this case between 288 and 381 s in Figure 
3.8) is used to identify the air volume fraction. The parameter pa(0) is set to 1 atm, i.e., 
0.1 MPa, and the initial air layer thickness is adjusted until the simulation results match 
well with the experimental results of the selected transient phase. In this case, the initial 




bubble release occurring at 450 s. The large air bubble release lasted approximately 8 s 
and the ram velocity was 0.25 mm/s; therefore, the compressed air layer thickness was 
approximately 2 mm. When the large air bubble started to release, the extrusion force was 
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and applying the fact that the plunger cross sectional area is approximately 7.2×10–5 m2, 
the initial air layer thickness is calculated as approximately 8.4 mm. With the identified 
air layer thickness, the extrusion force dynamic model is simulated for the ram velocity 
profile in Figure 3.8 and compared with the experimental results. The friction, identified 
by experiments conducted for this test, is considered as a constant with the value of 1.5 
N. The mean absolute percent error for the entire extrusion process (between 30 to 643 s) 
is 7.2%, illustrating good agreement obtained between the experimental and simulated 
responses. However, the mean absolute percent error is not equally distributed in each 
section. The mean absolute percent error is 5.8% for the first section (between 30 to 288 
s), 0.83% for the second section (between 288 to 381 s), 0.56% for the third section 
(between 381 to 445 s), 8.3% for the forth section (between 445 to 502 s), 2.3% for the 
fifth section (between 502 to 538 s), 11.4% for the sixth section (between 538 to 597 s) 
and 2.8% for the seventh section (between 597 to 630 s). The error in the sixth section is 
mainly caused by paste inhomogeneity, since it has the same ram velocity as in the first 








Figure 3.8. Experimental and simulation dynamic extrusion force responses with 





It can be observed that after the large air bubble release, the transient response has 
a much shorter settling time compared with the settling time before the large air bubble 
release, confirming that paste compressibility is mainly due to the air trapped in the paste. 
As mentioned earlier, larger extrusion forces lead to shorter settling times. As seen in 
Figure 3.8, when extrusion starts (at 30 s), the 10% settling time is very long, 
approximately 89.2 s. As the extrusion force increases, the 10% settling time becomes 




settling time is approximately 19.6 s and when the ram velocity changes the second time 
(between 388 to 445 s), the 10% settling time is only approximately 10.1 s. 
The dynamic response simulation for the single extruder was also conducted. The 
simulation and experimental results are shown in Figure 3.9. In this case, the initial air 
layer thickness is estimated to be approximately 0.9 mm based on the dynamic response 






Figure 3.9. Experimental and simulation dynamic extrusion force responses and 







The mean absolute percent error between the experimental and simulated 
responses for the entire extrusion process is 6.3%, indicating good agreement between the 
two responses. The differences between the experimental and simulated results in the 
third section are mainly caused by the paste inhomogeneity, and the difference between 
experimental and simulated results towards the end of the test is caused by paste clogging 
in the nozzle.  
 
 
3.6. PRE-LOADING ANALYSIS  
When loading the paste into the extruder barrel, the plunger is typically inserted 
into the barrel with a higher velocity than normal extrusion process. During this process, 
referred to as “pre-loading,” the paste is compressed to a high pressure state, causing the 
starting extrusion force to be much larger than the friction. With different initial 
pressures, the initial dynamic responses can be very different. The dynamic response of 
the extrusion force is typically dominated by a first-order response as shown in Figures 
3.8 and 3.9; however, the dynamic response can also be dominated by an apparent 
quadratic response when the initial extrusion force is small. A series of simulations with 
different initial extrusion forces were conducted and the results are compared with the 
corresponding experimental results in Figure 3.10. In this case, the initial air layer 
thickness is 14.5 mm. The mean absolute percent error between a simulation conducted 
with Fram(0) = 4.1 N, which is the initial experimental extrusion force, and the experiment 
for the entire extrusion process (between 23 to 44 s) is 4.3%, indicating good agreement 






Figure 3.10. Simulated dynamic extrusion force responses with different initial values 
and corresponding ram velocity compared with experimental results obtained from 





When the initial extrusion force is small, the dynamic response is dominated by a 
response that appears quadratic and, when the initial extrusion force becomes larger, the 




derived from the linearization analysis, the time constant and gain for the extrusion 
process with alumina paste and the capillary rheometer with die 1 geometry is plotted 
versus extrusion force and ram velocity in Figures 3.11 and 3.12, the air amount used to 
calculate time constant is the same as in experiment conducted in Figure 3.10. It is seen 
that as the extrusion force increases, the time constant and gain decrease as discussed in 
Section 2.3. When the extrusion force goes from some low value to a higher value, the 
corresponding time constant decreases rapidly, giving the dynamic response an apparent 
quadratic response. This quadratic response is actually composed by a series of first-order 
responses, like depicted in Figure 3.13. When the extrusion force is larger than 30 N, the 
time constant decreases slowly and the dynamic response is then dominated by a first-
order response, as described by Eq. (2.63).  
Because the steady-state extrusion force model is described by Eqs. (2.40) and 
(2.33) before and after the critical shear rate occurs, respectively, the trends of time 
constant and gain are also different before and after the critical shear rate occurs. Both of 
the time constant and gain decreases as the extrusion force increases; however, the 
decreasing rate are different before and after the critical shear rate occurs. Before the 
critical shear rate occurs, the decreasing rate of time constant slightly increases as the 
extrusion force increases, and the decreasing rate of gain significantly increases as the 
extrusion force increases. After the critical shear rate occurs, the decreasing rate of time 









Figure 3.11. Time constant in capillary rheometer system as a function of extrusion force 
















Figure 3.13. An apparent quadratic response composed by a series of first-order 





3.7. AIR BUBBLE RELEASE ANALYSIS  
Similar to the amount of air trapped in the paste, the volume of air during an air 
bubble release is also difficult to measure. To study the air bubble release process, a 
series of simulations were conducted with different volumes of released air for the ram 
velocity profile in an experiment on the capillary rheometer where air bubble release 
occurred. The results are shown in Figure 3.14. The simulation with an air bubble volume 
that is 30% of the nozzle volume is close to the experimental results. The air bubble 




results were compared with the experimental results in Figure 3.15. In this case, an air 






Figure 3.14. Extrusion force responses on capillary rheometer with different volumes of 





 As seen in Figures 3.14 and 3.15, when the air bubble release starts, the extrusion 
force will drop dramatically, the magnitude of which depends on the air bubble size. The 




sudden extrusion force drop, the motor will generate a large velocity peak, as seen in 
Figures 3.14 and 3.15. After the air bubble is totally released, the nozzle is filled by paste 
again, and then the extrusion force increases as described by the constitutive law of the 
extrusion process. With proper air bubble volume, the simulation results fit the 
experimental results very well, thus the model built in Section 2.4 can be used to describe 













3.8. SUMMARY AND CONCLUSIONS OF EXTRUSION PROCESS MODELING 
FOR AQUEOUS-BASED CERAMIC PASTES 
A dynamic extrusion force constitutive model was developed to describe the 
relationship between the plunger velocity and the extrusion force in the extrusion of 
aqueous-based ceramic paste. A modified Herschel-Bulkley model was used to describe 
the viscosity of aqueous-based ceramic paste. The steady-state component of the 
constitutive model was then developed based on the Navier-Stokes equation. Because of 
the compressibility introduced by the trapped air, the extrusion force dynamic was 
described by a first-order nonlinear differential equation using plunger velocity as an 
input. The settling time depends on the amount of air trapped in the paste and the 
magnitude of the extrusion force. As more air is trapped in the paste, the settling time 
increases; as the extrusion force increases, the settling time and gain both decrease. The 
dynamics that occur during air bubble release, which causes a sudden drop in the 
extrusion force due to the change of the volume of paste in the nozzle, can be described 
by the developed constitutive model.  
A series of experimental and numerical studies were conducted to verify the 
developed constitutive model. A capillary rheometer was used to determine the viscosity 
model parameters, which were then used for the prediction of extrusion forces in a single 
extruder system. Extrusion experiments were also conducted in this single extruder 
system, and a good agreement was obtained between the predicted and measured 
extrusion forces. The extrusion experiments conducted on the capillary rheometer and on 
the single extruder system proved that the large settling time is mainly caused by the air 
trapped in the paste and the change of settling time also depends on the extrusion force. 




giving the dynamic response the appearance of a quadratic response. When the extrusion 
force is large, the settling time changes slowly, thus, the dynamic response is dominated 
by a first-order response. Air bubble release was studied by a series of simulations, which 
showed that the magnitude of drop in the extrusion force depends on the air bubble 
volume. Experimental and simulation results were compared for the dynamic response 
models of extrusion process and air bubble release. Good agreements were obtained in all 
of the experimental and simulation comparisons, suggesting that the constitutive model 
can be used to predict the steady-state and transient extrusion force responses, as well as 








4. MODELING, ANALYSIS AND SIMULATION OF PASTE FREEZING IN 
FREEZE-FORM EXTRUSION FABRICATION OF THIN-WALL PARTS  
4.1.  3D ENERGY GOVERNING EQUATION 
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where T (°C), ρ (kg/m3), k (W/m∙°C) and H (J/kg) are the material temperature, density, 
thermal conductivity, and enthalpy, respectively, and S  (W/m3) is the volumetric rate of 






H H cdT H     (4.2) 
where c (J/kg∙°C) is the material specific heat, and the subscript ref denotes the reference 
condition. Here, the absolute zero temperature is selected as the reference condition. The 
enthalpy correction, which depends upon the material phase, is 
 H L   (4.3) 
where χ is the material’s liquid fraction and L (J/kg) is the material’s latent heat. The 
convection boundary constraint is 
  k T h T T    n  (4.4) 
where T∞ (°C) is the ambient temperature, h (W/m
2∙°C) is the convection coefficient, and 
n is the normal vector to the boundary surface. 
 
 
4.2. MATERIAL PROPERTIES 
The paste is composed primarily of ceramic particles and water, with only trace 
amounts (1-4 vol.%) of organic binder. Therefore, the paste’s properties can be estimated 
from the material properties of ceramic particles and water. 
Typically, the solids loading (volume fraction of ceramic particles, denoted by ve) 
of the paste is known. Thus, the volume fraction of water is 




The mass fractions of ceramic particles and water, respectively, are 
 e ee



















Since ceramic powder cannot be dissolved in water, the paste can be considered as a 
simple mixture of these two components. Therefore, the paste’s density, specific heat, 
and latent heat, respectively, are 
 P e e w wv v     (4.8) 
 P e e w wc c m c m   (4.9) 
 
P w wL L m  (4.10) 
When the paste is frozen, the properties of ice instead of water should be used in Eqs. 
(4.9) and (4.11). 
The estimation of thermal conductivity is more complex. There are numerous 
papers studying the thermal conductivity of two-phase mixtures, which can be classified 
into several different conditions [31]. The law of mixtures can be used to estimate paste 
thermal conductivity  
 P e e w wk k v k v   (4.11) 
However, due to the high solids loading of the paste used in this study (45-65 vol.%), it 
can be assumed that the two phases (i.e., ceramic particles and water) have similar 
distributions. Therefore, the General Effective Medium Theory (GEMT) [32] is used to 
estimate the paste thermal conductivity 
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where v is volume fraction, and the subscripts P, w, and e denote paste, water, and 




A possible source of error in this calculation is that the binder and dispersant may 
accumulate on the surface of ceramic particles, changing the paste’s effective thermal 
conductivity. The binder and the dispersant have smaller thermal conductivities (~0.02 
W/m∙°C) than the ceramic particles and the water; therefore, a thin binder and dispersant 
film between the ceramic particles and the water may significantly decrease the paste 
thermal conductivity. Since the binder and the dispersant are assumed to accumulate on 
the surface of the ceramic particles, they have the same distribution as the ceramic 
particles and, thus, the effective thermal conductivity of the mixture of ceramic particles, 
binder, and dispersant is 
 GEMT , , ,e bu e b
e b e b
v v
k k k





where the subscript b denotes binder plus dispersant. In this case, the paste thermal 
conductivity is 
  * ,GEMT , ,P u w e wk k k v v  (4.14) 
For the cases studied in this paper, the volume fraction of binder and dispersant 
together is less than 4%. It can be shown that the thermal conductivity error (i.e., 
* *
P P Pk k k ) is less than 4% and the critical freezing time error is less than 2%. Since the 
distribution of binder and dispersant can be very complex and the error is small, the effect 
of binder and dispersant on paste thermal conductivity in this study is neglected. The 
paste thermal conductivities used in Section 4 will be computed via Eq. (4.11), the paste 
thermal conductivities used in Section 5 will be computed via  Eq. (4.12). 
 
 
4.3. CONVECTION COEFFICIENT 
When the air flow surrounding the part is not forced but due to buoyancy, the 






















where D (m) is the part’s effective dimension, which is part height under natural 
convection, k∞ (W/m∙°C) is the thermal conductivity of air, Pr is the Prandtl number for 










  (4.16) 
where β (1/K) is the coefficient of volume expansion, which is considered to be 1/(T + 
273.15) for air, and ν∞ (m
2/s) is the kinematic viscosity of air. For the various part sizes, 
part temperatures, and ambient temperatures considered in this study, the average 
convection coefficient is 6.7 W/m2∙°C. 
When the air is forced (e.g., blown by a fan), the convection is forced convection, 
which is determined by not only the flow condition but also the part shape. When 












where effective dimension D is the part’s diameter and Re is air’s Reynolds number. The 
coefficients C and n as functions of Reynolds number are given in Table 4.1 [33]. When 
hollow square parts are fabricated and one of its faces is perpendicular to the air flow, the 
convection condition is [33] 
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where effective dimension D is the side length for square parts in this case. The fan used 
for the experiments conducted in this study blew the air with a speed of approximately 3 
m/s. For the various part sizes and shapes considered in the simulation, the average 










Table 4.1. The values of C and n. 
Re C n 
0.4~4 0.989 0.330 
4~40 0.911 0.385 
40~400 0.683 0.385 
4×103~4×104 0.193 0.618 





4.4. 3D FINITE ELEMENT SIMULATION SETUP 
Simulations of a thin wall were conducted with the commercial software 
FLUENT 12. In these simulations, dynamic meshing was applied to simulate continuous 
paste deposition. The simulation schematic with boundary conditions is shown in Figure 
4.1. A vertical monitor surface was created inside the wall, as depicted in the figure. The 
maximum temperature on this monitor surface was recorded for each time step. When the 
newly deposited paste moved through this monitor surface, the surface’s maximum 
temperature increased to the initial paste temperature, and the time at which this occurred 
was recorded. When the maximum temperature of the monitor surface dropped just 
below 0 °C, the time was also recorded. The difference between these two times was 
taken to be the layer freezing time. 
 The boundary conditions used in the simulations are as follows: 
(1) The bottom of the first layer was set to a constant temperature, which was the 
ambient temperature. 















4.4.1. Assumptions. For the finite element analysis and simulation, the following 
assumptions were made: 
(1) In the FEF process, a metal substrate much larger than the part was used; 
therefore, the substrate’s temperature was considered to be constant and equal 
to the ambient temperature. 
(2) The convection coefficient may change due to the change of air flow around 
the part, which is complex and difficult to model. Thus, in order to analyze the 
effect of convection and simplify the simulation, the convection coefficient 
was considered to be constant on each surface during the part fabrication 
process. 
(3) The paste density was considered to be constant during the paste freezing 
process. Since water’s volume expands by approximately 9% when frozen, the 
45% solids loading paste’s volume expansion rate is approximately 5% and, 
thus, the linear expansion rate is approximately 1.6%. 
(4) Water is the component of the paste which actually freezes, thus the paste 




4.4.2. Paste Properties. Materials used in the FEF process study included 
zirconia (ZrO2), zirconium carbide (ZrC), alumina (Al2O3) and tungsten (W). The 
estimated material properties of these pastes with 45% solids loading are listed in Table 
4.2. The solids loadings used in the FEF process are typically larger than 35%, and may 
be up to 65%. The estimated material properties of Al2O3 paste with various solids 





Table 4.2. Estimated material properties of pastes with 45% solids loading used for 
simulations conducted in this paper. 
Paste material ZrO2 ZrC Al2O3 W 
Density (kg/m3) 3025 3579 2350 9235 
Thermal conductivity when 
not frozen (W/m∙°C) 
1.2 5.6 19.7 78.2 
Specific heat when not 
frozen (J/kg∙°C) 
1102 1087 1653 371.3 
Latent heat (104J/kg) 6.07 5.13 7.82 1.99 
Thermal conductivity when 
frozen (W/m∙°C) 
2.0 6.3 20.5 79.0 
Specific heat when frozen 
(J/kg∙°C) 





Table 4.3. Estimated material properties of Al2O3 pastes with various solids loadings used 
for simulations conducted in this paper. 
Solids loadings 35% 45% 55% 65% 
Density (kg/m3) 2050 2350 2650 2950 
Thermal conductivity when 
not frozen (W/m∙°C) 
15.5 19.7 24.0 28.2 
Specific heat when not 
frozen (J/kg∙°C) 
1927 1653 1441 1272 
Latent heat (104J/kg) 10.6 7.82 5.67 3.96 
Thermal conductivity 
when frozen (W/m∙°C) 
16.4 20.5 24.6 28.7 
Specific heat when frozen 
(J/kg∙°C) 




4.5. 1D MODEL SIMPLIFICATION 
FLUENT’s dynamic mesh feature is powerful for simulation of the paste 
deposition process; however, it also generates a large number of nodes for the simulation, 
and may take weeks or even months to conduct one single simulation. A more efficient 1-
D simulation model was thus introduced in this study. 
4.5.1. Theory. The FLUENT simulations showed that, for a thin-wall part, the 
temperature gradient along deposition and width directions are typically near zero. 
Therefore, the temperature gradient in the two directions parallel to the substrate can be 
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where S is computed using the convection boundary condition 
 





  (4.20) 
The term Δy (m) is the paste filament width. Combining Eqs. (4.19) and (4.20), and 
applying the chain rule leads to 
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 (4.24) 
4.5.2. Simulation Setup. The simplified 1D model was implemented in C++. In 
this simplified model, the mesh was vertical to the substrate. The simulation schematic 
with boundary conditions is shown in Figure 4.2. The maximum temperature of the entire 
mesh was recorded for each time step. When the new layer of paste was deposited, a new 
layer mesh block was added to the top of the existing mesh, the maximum temperature 
increased to the paste’s initial temperature, and the time at which this occurred was 
recorded. When the maximum temperature dropped below 0 °C, the time was also 
recorded. The difference between these two times is the freezing time of this layer. The 
assumptions in Section 4.4.1 and the material properties in Section 4.4.2 were also 













4.6. 3D VERSUS 1D SIMULATION 
Eight factors that affect the paste freezing time in the FEF process were 
considered in this study. They are: (1) total time between layers (i.e., sum of the 
deposition time for the current layer and the dwell time between the current and next 
layers), (2) convection coefficient, (3) paste material, (4) paste solids loading, (5) initial 
paste temperature, (6) ambient temperature, (7) filament height, and (8) filament width. 
Unless otherwise noted, Al2O3 paste with 45% solids loading was used as the 
extrusion material, the convection condition was forced, where the convection coefficient 
was considered as 35 W/m2∙°C, the initial paste temperature was 5 °C, the ambient 
temperature was –10 °C, the filament height and width were both 580 μm, and the total 
time between layers was 10 s. If the freezing time is smaller than the total time between 
layers, the paste is totally frozen and the part being fabricated is considered successfully 
built. If the freezing time is larger than the total time between layers, the paste is in a 
semiliquid state and the part being fabricated is under the risk of deforming or even 
collapsing. 
 Three test cases were conducted using both the commercial code ANSYS 
FLUENT 12 and the code developed by the authors based on the proposed 1D model. 
The setups of these cases are tuned to guarantee the results are independent of mesh 
density or node number, time step size and convergence criteria. The results of freezing 
time versus layer number are shown in Figure 4.3. The mean absolute percent error due 
to the 1D simplification for the entire curve are 7.05% for condition (a), 6.17% for 
condition (b) and 2.09% for condition (c); however, due to the large node number in the 
3D cases, ANSYS FLUENT took about 20 days to obtain one curve for condition (a), 
while the 1D model code took only 10 min. Therefore, the proposed 1D model is much 










Figure 4.3. Paste freezing times obtained from simulations using  FLUENT and the code 
based on the proposed 1D model with 45% solids loading, 5 °C initial paste temperature, 
–10 °C ambient temperature, 580 μm filament height and width, 10 s total time between 
layers, (a) ZrC paste material, and 35 W/m2∙°C convection coefficient (forced 
convection); (b) Al2O3 paste material, and 6.7 W/m
2∙°C convection coefficient (natural 
convection); (c) Al2O3 paste material, and 35 W/m






4.7. EFFECTS OF TOTAL TIME BETWEEN LAYERS ON PASTE FREEZING 
TIME 
The total time between layers is the sum of the paste deposition time for a layer 
and the dwell time between layers. When the paste freezing time is shorter than the 
deposition time, dwell time is not required. However, if the freezing time is longer than 
the deposition time, dwell time is necessary to prevent the part from deforming or even 
collapsing. When the dwell time between layers increases, the temperature of the 
previously extruded paste will decrease, which will increase the temperature difference 
between the previously and newly deposited pastes; therefore, the freezing time of the 
next layer will decrease. However, the increase in dwell time will also increase the part 
build time, thus, decreasing fabrication productivity. The simulation results for different 
total times between layers are given in Figure 4.4. 
Figure 4.4 shows that when the total time between layers is 5 s, the freezing time 
of the Al2O3 paste will increase more quickly after the 12
th layer, and the paste will not be 




time will increase more slowly with increasing layer number after the 10th layer, and the 
paste will be able to freeze regardless of how many layers of paste have been deposited. 
When the total time is 20 s, the freezing time is even shorter; however, the part build time 
will be longer. 
Figures 4.4 and 4.5 show a typical pattern of paste freezing time: When the paste 
is near the substrate, the paste freezing time is short; however, as the part height 
increases, the paste freezing time increases, finally reaching a steady-state value. The 
steady-state value is useful for FEF process planning. If the planned total time between 
layers is larger than the steady-state freezing time, the part will always be totally frozen 
and will not deform or collapse. 
The relationship between the steady-state freezing time and the total time between 
layers is studied using the 1D model for the other six parameters in Section 4.8. In this 
study, if the paste freezing time does not increase by more than 0.01 s for 15 consecutive 






Figure 4.4. Paste freezing time for different total times between layers with Al2O3 paste, 
45% solids loading, 35 W/m2∙°C convection coefficient (forced convection), 5 °C initial 








4.8. EFFECTS OF OTHER FACTORS ON PASTE FREEZING TIME 
4.8.1. Convection Coefficient. A change in the convection coefficient will 
change the heat transfer rate between the paste and its surroundings, which affects the 
paste freezing time. When the convection coefficient increases, the paste freezing time 
decreases. The convection coefficient can be changed, for example, by using a fan to 
blow cool air over the extruded paste. As mentioned in Section 4.3, when the fan is off, 
the convection is considered as natural convection, and the average convection 
coefficient is 6.7 W/m2∙°C. When the fan is on, the convection changes to forced 
convection, and the average convection coefficient is 35 W/m2∙°C in this study. If the fan 
speed is adjusted or the part size is changed, other values of the convection coefficient 
can also be obtained. 
The layer freezing time simulation results with natural and forced convection 
conditions are shown in Figure 4.5. Under natural convection, the paste freezing time 
increases exponentially after approximately 15 layers, and the paste is not totally frozen 
after 40 layers. In this case, a large part being fabricated will deform or even collapse. A 
similar condition also occurs when the convection coefficient is 15 W/m2∙°C as the paste 
will not be totally frozen after 54 layers. When the convection coefficient increases to 25 
or 35 W/m2∙°C, the paste freezing time is shorter than the total time between layers, and it 
increases more slowly with respect to the increase in layer number. Therefore, the part 
will not collapse during the fabrication process regardless of how tall it is. At the 
beginning of the extrusion process, the freezing times for all convection conditions are 
similar. This is because when the paste layers are close to the substrate, the conduction 
heat transfer dominates, and the effect of convection is not significant. When the part 
height increases, the effect of convection becomes more and more dominant. 
The simulation result for the steady-state freezing time vs. the total time between 
layers with different convection coefficients is shown in Figure 4.6. When the steady-
state freezing time is smaller than the total time between layers, the paste will be totally 
frozen (shown in the frozen region in Figure 4.6). The “critical freezing time” is defined 
as the point where the steady-state freezing time equals to the total time between two 
successive layers. As the convection coefficient decreases, the heat transfer rate 




critical freezing time and the convection coefficient is plotted in Figure 4.7. A power law 
was constructed using a nonlinear least squares algorithm to obtain the following 
relationship 
 0.50544.7ct h
  (4.25) 
where tc (s) is the critical freezing time. The power law in Eq. (4.25) has a correlation 
coefficient of 0.999 and a root-mean-square error of 0.125 s, indicating a nonlinear 
relationship between the critical freezing time and the convection coefficient. As the 






Figure 4.5. Paste freezing time for natural and forced convections with Al2O3 paste, 45% 
solids loading, 5 °C initial paste temperature, –10 °C ambient temperature, 580 μm 









Figure 4.6. Steady-state freezing time versus total time between layers for natural and 
forced convections with Al2O3 paste, 45% solids loading, 5 °C initial paste temperature, –















As shown in Figure 4.6, when the total time between layers decreases slightly 
from the critical freezing time, the steady-state freezing time increases drastically. This is 
because when one layer is not totally frozen, the freezing time of the next layer increases, 
leaving more semiliquid paste when the following layer is deposited; therefore, the 
freezing time of each successive layer will continue to increase rapidly, until it reaches a 
much larger steady-state freezing time, as shown in Figure 4.8. This phenomenon 
suggests that once one layer is not totally frozen, the semiliquid region will continue to 
expand, causing the part to deform or even collapse. Also, when the total time is close to 
the critical freezing time, the freezing time is very sensitive to any disturbance that may 
occur. Therefore, in planning the FEF process, a total time larger than the crit ical freezing 






Figure 4.8. Paste freezing time for total times between layers of 17.00 and 17.10 s with 
Al2O3 paste, 45% solids loading, 6.7 W/m
2∙°C convection coefficient (natural 
convection), 5 °C initial paste temperature, –10 °C ambient temperature, and 580 μm 




4.8.2. Paste Material. The paste material may dramatically change the paste’s 
properties, including the thermal conductivity and the specific heat. Any changes in these 
properties will change the heat transfer rate and, thus, the paste freezing time. The paste 
freezing time simulation results for ZrO2, ZrC, Al2O3 and W pastes are shown in Figures 
4.9 and 4.10. The ZrO2 and ZrC pastes cannot totally freeze within 10 s after 4 and 16 
layers, respectively, while the steady-state freezing times for the Al2O3 and W pastes are 
4.1 and 1.1 s, respectively. The dramatic differences in the paste freezing times are due to 
the fact that the ZrO2 and ZrC pastes’ thermal conductivities, approximately 1.6 and 6 
W/m∙°C, respectively, are much lower than the Al2O3 paste’s thermal conductivity 
(approximately 20 W/m∙°C) and the W paste’s thermal conductivity (approximately 79 
W/m∙°C). 
To determine which property between the thermal conductivity and the specific 
heat is the more influential on the freezing time, the thermal conductivity of 45% solids 
loading Al2O3 paste is altered in the simulations. The relationship between the critical 
freezing time and the average thermal conductivity is plotted in Figure 4.11. The critical 
freezing times of Al2O3 pastes with various thermal conductivities are almost exactly the 
same as other pastes having the same thermal conductivities, indicating that the thermal 
conductivity is more influential on paste freezing time than the specific heat. A power 
law was constructed using a nonlinear least squares algorithm to obtain the following 
relationship 
 0.43326.6c Pt k
  (4.26) 
where kP (W/m∙°C) is the paste thermal conductivity. The power law in Eq. (4.26) has a 
correlation coefficient of 0.993 and a root-mean-square error of 0.598 s, indicating a 
nonlinear relationship between the critical freezing time and the thermal conductivity. As 









Figure 4.9. Paste freezing time for different paste materials with 45% solids loading, 35 
W/m2∙°C convection coefficient (forced convection), 5 °C initial paste temperature, –10 







Figure 4.10. Steady-state freezing time versus total time between layers for different 
paste materials with 45% solids loading, 35 W/m2∙°C convection coefficient (forced 
convection), 5 °C initial paste temperature, –10 °C ambient temperature, and 580 μm 














4.8.3. Paste Solids Loading. Any change in the paste solids loading will also 
change the thermal conductivity and the specific heat of the paste, as well as the paste’s 
latent heat. These changes will change the energy contained in the paste and the heat 
transfer rate, thus affecting the freezing time. The paste freezing time simulation results 
for different solids loadings (in terms of vol.%) are shown in Figures 4.12 and 4.13. As 
the solids loading increases, the thermal conductivity increases, the specific heat and the 
latent heat decrease, and, thus, the freezing time decreases. 
The relationship between the critical freezing time and the paste solids loading is 
plotted in Figure 4.14. A linear model was constructed using a linear least squares 
algorithm to obtain the following relationship 
 15.1 16.6c et v   (4.27) 
where ve is vol.% solids loading. The linear model in Eq. (4.27) has a correlation 
coefficient of 0.996 and a root-mean-square error of 0.389 s, indicating a linear 
relationship between the critical freezing time and the solids loading. Therefore, in the 
range of solids loadings considered in Figure 4.14, the paste freezing time is linearly 





Figure 4.12. Paste freezing time for different paste solids loadings with Al2O3 paste, 35 
W/m2∙°C convection coefficient (forced convection), 5 °C initial paste temperature, –10 







Figure 4.13. Steady-state freezing time versus total time between layers for different 
paste solids loadings with Al2O3 paste, 35 W/m
2∙°C convection coefficient (forced 
convection), 5 °C initial paste temperature, –10 °C ambient temperature, and 580 μm 











4.8.4. Initial Paste Temperature. The increase in the initial paste temperature 
(i.e., the paste temperature in the nozzle right before extrusion) will increase the energy 
carried by the paste. However, it will also increase the temperature difference between 
the ambient and the paste; thus, the paste’s heat transfer rate to the ambient will increase. 
The paste freezing time simulation results for different initial paste temperatures are 
shown in Figures 4.15 and 4.16. As the initial temperature increases, the paste freezing 
time increases. The relationship between the critical freezing time and the initial paste 
temperature is plotted in Figure 4.17. A linear model was constructed using a linear least 
squares algorithm to obtain the following relationship 
 06.73 0.13ct T   (4.28) 
where T0 (°C) is the initial paste temperature. The linear model in Eq. (4.28) has a 
correlation coefficient of 0.999 and a root-mean-square error of 0.135 s. Therefore, in the 
range of initial paste temperatures considered in Figure 4.17, the relationship between the 





Figure 4.15. Paste freezing time for different initial paste temperatures with Al2O3 paste, 
45% solids loading, 35 W/m2∙°C convection coefficient (forced convection), –10 °C 







Figure 4.16. Steady-state freezing time versus total time between layers for different 
initial paste temperatures with Al2O3 paste, 45% solids loading, 35 W/m
2∙°C convection 













4.8.5. Ambient Temperature. The change in the ambient temperature will 
modify the temperature difference between the ambient and the extruded paste, thus 
changing the heat transfer rate and the paste freezing time. When the ambient temperature 
decreases, the paste freezing time will decrease. The paste freezing time simulation 
results for different ambient temperatures are shown in Figures 4.18 and 4.19. The 
relationship between the critical freezing time and the ambient temperature is plotted in 
Figure 4.20. A power law was constructed using a nonlinear least squares algorithm to 





   (4.29) 
where T∞ (°C) is the ambient temperature. The power law in Eq. (4.29) has a correlation 
coefficient of 0.999 and a root-mean-square error of 0.216 s, indicating a nonlinear 
relationship between the critical freezing time and the ambient temperature. As the 
ambient temperature decreases, the paste freezing time decreases more slowly with 









Figure 4.18. Paste freezing time for different ambient temperatures with Al2O3 paste, 
45% solids loading, 35 W/m2∙°C convection coefficient (forced convection), 5 °C initial 






Figure 4.19. Steady-state freezing time versus total time between layers for different 
ambient temperatures with Al2O3 paste, 45% solids loading, 35 W/m
2∙°C convection 
coefficient (forced convection), 5 °C initial paste temperature, and 580 μm filament 














4.8.6. Filament Height. A change in the filament height will alter the ratio 
between the volume and the surface of the extruded paste exposed to the ambient, which 
will in turn alter the ratio between the energy contained in the paste and the heat transfer 
rate. The simulation results for varying filament height are shown in Figures 4.21 and 
4.22. When the filament height decreases, the paste freezing time decreases; however, the 
number of layers required to build the same part increases. 
The relationship between the critical freezing time and the filament height is 
plotted in Figure 4.23. A linear model was constructed using a linear least squares 
algorithm to obtain the following relationship 
 0.193 0.0126ct z    (4.30) 
where Δz (μm) is the filament height. The linear model in Eq. (4.30) has a correlation 
coefficient of 0.999 and a root-mean-square error of 0.192 s, which is small relative to the 
average critical freezing time of 5.8 s. The y-intercept of the linear model is 0.193 s, 
which is also small relative to the average critical freezing time, indicating that the 
critical freezing time is linearly proportional to the filament height. Therefore, in the 
range of filament heights considered in Figure 4.23, if the total time between layers in the 
FEF process is set the same as the critical freezing time, then the total part build time will 





Figure 4.21. Paste freezing time for different filament heights with Al2O3 paste, 45% 
solids loading, 35 W/m2∙°C convection coefficient (forced convection), 5 °C initial paste 







Figure 4.22. Steady-state freezing time versus total time between layers for different 
filament heights with Al2O3 paste, 45% solids loading, 35 W/m
2∙°C convection 
coefficient (forced convection), 5 °C initial paste temperature, –10 °C ambient 











4.8.7. Filament Width. Like the filament height, a change in the filament width 
will also alter the ratio between the volume and the surface of the extruded paste exposed 
to the ambient, which will in turn alter the ratio between the energy contained in the paste 
and the heat transfer rate. The simulation results for varying filament width are shown in 
Figures 4.24 and 4.25. When the filament width increases, the paste freezing time will 
increase. The relationship between the critical freezing time and the filament width is 
plotted in Figure 4.26. A power law was constructed using a nonlinear least squares 
algorithm to obtain the following relationship 
 
0.4900.326ct y   (4.31) 
where Δy (μm) is the filament width. The power law in Eq. (4.31) has a correlation 
coefficient of 0.968 and a root-mean-square error of 0.144 s, indicating a nonlinear 
relationship between the critical freezing time and the filament width. As the filament 









Figure 4.24. Paste freezing time for different filament widths with Al2O3 paste, 45% 
solids loading, 35 W/m2∙°C convection coefficient (forced convection), 5 °C initial paste 







Figure 4.25. Steady-state freezing time versus total time between layers for different 
filament widths with Al2O3 paste, 45% solids loading, 35 W/m
2∙°C convection coefficient 
(forced convection), 5 °C initial paste temperature, –10 °C ambient temperature, and 580 











5. MODELING AND ANALYSIS OF PASTE FREEZING IN FREEZE-FORM 
EXTRUSION FABRICATION OF THIN-WALL PARTS VIA LUMPED 
METHOD 
5.1. LUMPED METHOD 
Consider a thin wall composed of N paste filaments, as shown in Figure 5.1. Each 
filament has width Δy (m) and height Δz (m). According to Fourier’s Law, the governing 
energy equation for the nth filament is 
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 (5.1) 
where Hn (J/kg) and Tn (°C) are the enthalpy and temperature, respectively, of the n
th 
filament. When n = 1, Tn–1 is the substrate temperature, which is T∞. When n = N, the 
conduction term    12 n n
k
T t T t
z
   



















A thin wall may contain three regions: solid, mushy, and liquid. Let subscripts s,  
m, and  l indicate the solid, mushy, and liquid regions, respectively. Considering the 
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 (5.2) 
where TS (°C) is the solidus temperature. Therefore, for filaments in the solid region, Eq. 
(5.1) can be rewritten using the form of enthalpy  
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 (5.3) 
For filaments in the mushy liquid region, their temperatures are constant (TS) and, in this 
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 (5.4) 
For the filaments in the liquid region, Eq. (1) becomes 
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 denote the non-dimensional time, effective Biot 
number, effective vertical Biot number, non-dimensional enthalpy, and non-dimensional 
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and  * η  is the derivative of  * η with respect to η, where the subscript * is s for solid 
region, m for mushy region, and l for liquid region. Therefore, the solution for the solid 
and liquid regions is 
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where the symbol ◦ denotes element-wise product, λ is the eigenvalue vector of matrix 
M, Q is the corresponding eigenvector matrix, R is the inverse matrix of Q, and 
  1 1 1
T
v    (5.15) 
The solution for the mushy region is 
      0m m m m    η η β φ  (5.16) 
where 
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For the solid region, the elements of the corresponding matrices and vectors are [34] 
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In most of the cases studied, Biz is typically smaller than 0.01; therefore, Biz ≈ 0. The 
physical meaning of this approximation is that the top of the liquid region is modeled as 
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 (5.22) 
and the elements of the corresponding matrices and vectors for the liquid region are [34] 
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 (5.25) 
When a new layer is deposited, the freezing time of the layer is composed of two 
parts. The first part is the time spent for the liquid region to transform into a mushy 
region. The second part is the time spent for the mushy region to transform into a solid 
region. Due to the fact that the latent heat is much larger than the specific heat and the 
initial temperature is very close to the solidus temperature, the liquid region transforms 
into a mushy region much faster than the mushy region transforms into a solid region. 
Therefore, for the extruded paste, the freezing time can be computed from the non-
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where ηf,n is the solution of  
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This change means there is no liquid region and the top surface of the mushy region is 
directly exposed to the ambient. Therefore, the terms in Eq. (5.16) become 
    1 2Bi 2Bi 2Bi 1 2Bi Bi
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Substituting Eqs. (5.19)−(5.21) into Eq. (5.16) 
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When η>>0, the terms exp(λnη) are negligible for n>1. Therefore, Eq. (5.27) becomes 
 
 
   
 









2 14 1 2 1 2
sin sin sin 0 exp
2 1 2 1 2 1 2 1
4 1 2
1 2Bi sin








js s s s s s
N




















         
       
            
    
     











2 1 2 14 1
sin sin 0








i js s i s s
N










        
      




To prevent the part from deforming or collapsing during the fabrication process, the new 
paste layer should only be deposited when the previous layers are frozen. In that case, the 
mushy region typically only has one layer. Solving Eq. (5.32) and noting ηm,1(0) ≈ 1+E, 
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and, thus, may be neglected. In this case, Eq. (5.33) becomes 
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Similar to the approximation in the liquid region, Biz is negligible in the cases studied in 
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and the subscript ξ denotes the total time between layers (i.e., summation of the 
deposition time for the current layer and the dwell time between the current and next 
layers).  
When the steady state occurs, Cη must be constant, which requires 
 
   
 







2 1 2 14 1
sin sin 0
2 1 2 1 2 1
2 1 2 14 1
sin sin










i js s i s s
N i i j
N N N












        
     
         
        
      














s d s s s s d
s
T T






   
     
            
η Q Q η λ

















     
             
η
η Q Q λ  (5.43) 
Note that the steady-state freezing time is a function of the total time between layers and 
recall the critical freezing time is defined as the time when the steady-state freezing time 
is equal to the total time between layers. When the critical freezing time occurs, Eqs. 
(5.42) and (5.43) are combined and 
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5.2. LUMPED METHOD VERSUS NUMERICAL SIMULATION 
According to Eqs.(5.37)−(5.44), the non-dimensional critical freezing time is a 
function of the non-dimensional latent heat and effective Biot number. Although the non-




combining Eqs. (5.37), (5.41), and (5.44). Therefore, a random initial enthalpy 
distribution can be fed into Eq. (5.41) with a reasonable layer number, which is typically 
between 50 and 150. After several iterations of Eq.(5.44), the critical freezing time is then 
obtained from Eq. (5.37). 
The critical freezing times computed using the lumped method are compared in 
Figure 5.2 to the numerical simulations results generated using the method described in 
Section 4. The material properties used in the computation are listed in Table 4.2. As 
stated in Section 4.6, unless otherwise noted, the convection coefficient was 35 W/m2∙°C, 
the initial paste temperature was 5 °C, the ambient temperature was –10 °C, and the 
filament height and width were both 580 μm. As the effective Biot number increases, the 
percent errors for the data points are 2.04%, 3.25%, 6.29%, 14.4%, respectively. The 
error is mainly introduced by neglecting the temperature gradient inside a single filament 
in the lumped method. As the effective Biot number increases, the temperature gradient 
inside a single filament becomes larger. Therefore, the heat transfer rate computed by the 
numerical simulation is larger than the heat transfer rate assumed in the lumped method, 
causing the critical freezing time computed by the numerical simulation to be less than 
the critical freezing time computed by the lumped method. In the cases studied in this 
paper, the convection coefficient is typically smaller than 35 W/m2∙°C and the paste 
conductivity is typically larger than 1.8 W/m∙°C; therefore, the effective Biot numbers 
are always smaller than the maximum effective Biot number in Figure 5.2. The 
convergence history of the computations is shown in Figure 5.3. All of the computations 
started with the following initial condition: 150 layers have been deposited and their non-
dimensional enthalpies are linearly distributed from zero to the solidus enthalpy value 1 
along z direction. All of the computations reached steady state after an additional 20 
























5.3. EFFECTS OF NON-DIMENSIONAL FACTORS ON CRITICAL FREEZING 
TIME 
As seen in Eq. (5.37), the non-dimensional critical freezing time is a function of 
the non-dimensional latent heat and effective Biot number. For the cases studied in 
Section 5.2, the non-dimensional latent heats are between 5 and 8, while the effective 
Biot number varies from 5×10–4 to 1.5×10–2. Therefore, the studies conducted in this 
paper will focus on the ranges E∈[4, 9] and Bi∈[5×10–4, 2×10–2].  
5.3.1. Non-Dimensional Latent Heat. To study the effect of non-dimensional 



















The term ∂Cη/∂ηd is difficult to express explicitly. The iteratively computed value of 
∂Cη/∂ηd versus ηd is plotted in Figure 5.4. In the range of effective Biot numbers 
considered in Figure 5.4, the value of ∂Cη/∂ηd is negligible compared to the term 
1+2Bi+Cλ1. Therefore, the relationship between the non-dimensional critical freezing 
time and the non-dimensional latent heat is nearly linear, and the slope is a function of 
the effective Biot number, as plotted in Figure 5.5. The smaller the effective Biot number, 











Figure 5.5. Non-dimensional critical freezing time as a function of non-dimensional 





5.3.2. Effective Biot Number. To study the effect of the effective Biot number, 
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 (5.46) 
which is also a complex function that is difficult to express explicitly. The terms Cλ1, Cλ2, 
and Cη, are plotted versus effective Biot number in Figures 5.6 and 5.7. All of these terms 
are highly nonlinear, and they all can be treated as functions of the effective Biot number. 
The relationship between the non-dimensional critical freezing time and the effective 
Biot number is plotted in Figures 5.8 and 5.9. The partial derivative of the non-
dimensional critical freezing time with respect to effective Biot number is always 
negative. When the effective Biot number is small, the absolute value of the partial 
derivative of the critical freezing time to the Biot number is large. As the effective Biot 






















Figure 5.8. Partial derivative of non-dimensional critical freezing time with respect to 











5.4. EFFECTS OF DIMENSIONAL FACTORS ON CRITICAL FREEZING TIME 
Only two non-dimensional factors can affect the non-dimensional critical freezing 
time. However, each non-dimensional factor may be affected by multiple dimensional 
factors, and some of the dimensional factors can change both non-dimensional factors. 




also involves several dimensional factors. A discussion of the effects of the dimensional 
factors is given below. 
5.4.1. Convection Coefficient. To study the effect of convection coefficient, Eq. 
(5.37) is differentiated with respect to convection coefficient. Since the convection 
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For the same paste and environmental conditions, the relationship between the critical 
freezing time and the convection coefficient is proportional to the relationship between 
the non-dimensional critical freezing time and the effective Biot number, which is 
depicted in Figure 5.9. Therefore, as the convection coefficient increases, the critical 
freezing time decreases nonlinearly.  
5.4.2. Paste Material Properties. The change of paste material will change all of 
the material properties, i.e., thermal conductivity, specific heat, latent heat, and density. 
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The partial derivative of ηdBi with respect to Bi is plotted in Figure 5.10. Since the value 
of ∂(ηdBi)/∂Bi is always positive, ∂td/∂k is always negative. Therefore, as the thermal 
conductivity increases, the critical freezing time decreases nonlinearly. The summation of 
Cλ2 and Cη is plotted in Figure 5.11. Since the summation is always negative, ∂td/∂c is 
always positive. Therefore, as the specific heat increases, the critical freezing time 
increases nonlinearly. According to Eqs. (5.50) and (5.51), the critical freezing time is 




















5.4.3. Paste Solids Loading. Similar to the paste material, the change of paste 
solids loading will change all of the material properties. When paste material changes, the 
properties change discretely to other values. When paste solids loading changes, the 
properties changes continuously. Previous research has shown that paste density, specific 
heat, and latent heat can be computed by the law of mixtures. Also, paste thermal 
conductivity can be estimated using Eq. (4.12). Let the subscripts e and w denote ceramic 
and water, respectively, and the variable v denote the volume fraction. To study the effect 
of paste solids loading, Eq. (5.37) is differentiated with respect to ceramic volume 
fraction 
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 (5.52) 
It can be seen in Eq. (5.52) that the relationship between critical freezing time and paste 




larger thermal conductivity, smaller specific heat, and larger density than water. In this 
case, the first three terms of Eq. (5.52) are negative, and the last term of Eq. (5.52) is 
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dominates the expression for the materials studied in this paper. In this case, as the paste 
solids loading increases, the critical freezing time decreases.  
5.4.4. Ambient Temperature. To study the effect of ambient temperature, Eq. 
(5.37) is differentiated with respect to ambient temperature. Ambient temperature only 
affects the non-dimensional latent heat. Therefore 
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All of the parameters in Eq. (5.53) are positive; therefore, the derivative is also positive. 
For the same paste and environmental conditions, as the ambient temperature increases, 
the critical freezing time increases nonlinearly.  
5.4.5. Filament Height. To study the effect of filament height, Eq. (5.37) is 
differentiated with respect to filament height. Filament height appears in both the 
conversion from non-dimensional freezing time to dimensional freezing time and in the 
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As plotted in Figure 5.10, the partial derivative in Eq. (5.54) is always positive. 
Therefore, for the same paste and environmental conditions, as the filament height 




5.4.6. Filament Width. To study the effect of filament width, Eq. (5.37) is 
differentiated with respect to the filament width. Filament width only affects the effective 























As plotted in Figure 5.8, the term ∂ηd/∂Bi is always negative. Therefore, this derivative is 
always positive. For the same paste and environmental conditions, as the filament width 
increases, the critical freezing time increases nonlinearly. 
 
 
5.5. EXPERIMENTAL VALIDATION 
With the model derived in Section 5.1, the critical freezing time of thin-wall parts 
can be computed efficiently, and the error can be analyzed with the relationship derived 
in Section 5.4. 
5.5.1. Experimental Setup and Paste Preparation. The paste was a combination 
of Al2O3 powder (A-16SG, ALMATIS), DARVAN® C-N (Ammonium 
polymethacrylate, Vanderbilt Minerals, LLC), METHOCEL F4M (Methylcellulose, Dow 
Chemical Company) and deionized water. The alumina powder was dispersed in water 
using DARVAN C and then ball milled for approximately 15 hours to break up 
agglomerates and to produce a uniform mixture. METHOCEL was then added to the 
slurry at 70°C with mechanical stirring to increase paste viscosity and to assist in forming 
a stronger green body after drying. Finally, a vacuum mixer (Whip Mix, Model F) was 
used to remove air bubbles. The components of paste used for experiments conducted in 
this study are listed in Table 5.1. 
The FEF setup is comprised of three subsystems: a gantry controlled by a motion 
card (DELTA TAU Data Systems Inc.), extruders controlled by LabVIEW, and a freezer 












Ceramic powder (g) 326 585 
Water (g) 100 100 
Binder METHOCEL (g) 4.5 3.5 











The chamber temperature, also referred to as the ambient temperature, is reduced 
from room temperature using a liquid nitrogen tank connected to the chamber via tubing. 
A solenoid valve is used to maintain the ambient temperature at the desired value by 
connecting/disconnecting the flow of nitrogen into the chamber. To preclude freezing of 
the paste inside the syringe, specially designed heating jacket with a controllable 
temperature was employed. Another heater surrounds the nozzle to prevent clogging as a 
result of freezing of the paste at the nozzle tip. The paste is extruded through a 610 µm 
diameter nozzle and deposited on an aluminum substrate which is at ambient temperature 
(a thermocouple is utilized to measure this temperature as well). Two fans cause the air to 




To validate the analytical results, thin-wall square parts were fabricated with 
different process parameters. If each layer has enough time to freeze, it can bear the 
weight of next layers and the part will stand. However, if each layer does not have 
enough time to freeze, the part will deform and possibly collapse. Table 5.2 shows the 
parameters affecting the critical time and their values during the experiments.  
To obtain the critical freezing time experimentally for each set of parameters, 
various travel speeds and side lengths were examined. Clearly, if the nozzle moves faster 
or the part has a shorter side length, the total time between layers will be smaller. In these 
experiments, two different travel speeds (12.7 and 21.2 mm/s) and 12 different side 
lengths (17.8-68.6 mm) were used to find critical freezing time experimentally and 
compare them with analytical predictions. In order to prove the experimental results are 






Table 5.2. Constant and variable parameters used in experimental studies. 
Constant Parameter Value 
Syringe temperature (°C) 20 
Nozzle temperature (°C) 20 
Filament width (µm) 1010 
Variable Parameter Value 
Solids Loading (% Vol.) 45, 60 
Convection condition Forced, Natural 
Ambient temperature (°C) –10, –20 





5.5.2. Possible Error Sources. There are uncertainties in the values of some of 
the parameters which affect the accuracy of the experimental results. The actual solids 
loadings of the pastes are not exactly equal to the desired values and were found to vary 
by approximately 3%. Furthermore, the trace amount (1-4 vol.%) of binder and 




flow rate of the paste from the nozzle is not constant during an experiment as a result of 
minor inconsistency in the paste preparation process and the paste compressibility. This 
was found to lead to approximately 5% variation in filament width. Although a closed 
loop control system was employed to control the temperature inside the chamber, 
variations of approximately ±1 °C were observed. The flow condition in the chamber can 
be very complex. Even when the fan is off, due to the flow of nitrogen and the machine 
motion, the part will not experience pure natural convection. When the fan is on, the 
inside of the part does not have exactly the same convection condition as the outside of 
the part, nor does it have pure natural convection. The effects of each error source on 
critical freezing time are discussed case by case in the next section. 
5.5.3. Experiment Group 1. For the experiments conducted in experiment 
group1, the material was 45% solids loading alumina paste, the convection condition was 
forced, the ambient temperature was –20 °C, the travel speed was 12.7 mm/s, and the 
filament height and width were 500 and 1010 μm, respectively. The estimated average 
thermal conductivity of this paste is 10.48 W/m∙°C. With these experiment conditions, 
the predicted critical freezing time is 8.14 s and the corresponding critical side length is 
25.9 mm. If the part has a larger size, it should stand (i.e., not deform or collapse). If the 
part has a smaller size, it is expected to deform or collapse. The results of experiment 
group 1 are listed in Table 5.3, the effects of possible sources are shown in Figure 5.13, 
and part photos are shown in Figure 5.14.  
The experimental critical freezing times for the pastes in batches #1 and #2 are 
9.6 and 8.4 s, and the errors between the predicted and measured results are 17.9% and 
3.2%, respectively. Because the ambient temperature is –20 °C, the effect of ambient 
temperature and convection coefficient error are not as significant as the effect of solids 
loading error. If the paste solids loading decreases to 40%, the critical freezing time will 
increase approximately 25%. If the ambient temperature increases to –18 °C or the 
convection coefficient decreases 10%, the critical freezing time will increase less than 
10%. When the total time between layers is close to the critical freezing time, a small 
change in the total time between layers may result in a dramatically different build, as 





Table 5.3. Experimental and predicted results for experiment group 1. 
Side Length (mm) Experimental Result Predicted Result 
Paste batch #1  
17.8 Collapsed Collapsed 
22.9 Collapsed Collapsed 
25.4 Collapsed Collapsed 
27.9 Deformed Stood 
33.0 Stood Stood 
Paste batch #2  
20.3 Collapsed Collapsed 
22.9 Collapsed Collapsed 
25.4 Deformed Collapsed 
27.9 Stood Stood 






Figure 5.13. Predicted critical freezing time and effects of error sources for experiment 















5.5.4. Experiment Group 2. For the experiments conducted in experiment group 
2, the material was 60% solids loading alumina paste, the convection condition was 
natural, the ambient temperature was –10 °C, the travel speed was 21.2 mm/s, and the 
filament height and width were 300 and 1010 μm, respectively. The estimated average 
thermal conductivity of this paste is 18.81 W/m∙°C. With these experiment conditions, 
the predicted critical freezing time is 11.16 s and the corresponding critical side length is 
59.1 mm. The results of experiment group 2 are listed in Table 5.4, the effects of possible 
sources are shown in Figure 5.15, and part photos are shown in Figure 5.16. Although the 
freezing time and fabrication results are very different for parts in Figures 5.14 and 5.16, 
the first 12-15 layers of each sample visually have good quality. This phenomenon can be 
explained by the work in Section 4. When the paste is close to the substrate, conduction 
dominates the heat transfer process and the first several layers freeze very fast despite 
convection conditions and total time between layers. The lumped method presented in 
this section mainly focuses on computing the critical freezing time, which can be used to 
predict whether parts with large numbers of layers can be successfully built. If a part only 
has a few layers, then the part may still be successfully built even if the total time 
between layers is shorter than the critical freezing time. In that case, the numerical 
simulation model presented in Section 4 is more suitable for computing the freezing time 
and determining if the part can be successfully built.  
The experimental critical freezing times for the pastes in batches #1 and #2 are 




7.5%, respectively. The effect of solids loading error is still large. If the paste solids 
loading decreases to 55%, the critical freezing time will increase approximately 20%. If 
the ambient temperature increases to –9 °C, the critical freezing time will increase less 
than 10%. The effect of convection coefficient becomes less significant since the parts 





Table 5.4. Experimental and predicted results for experiment group 2. 
Side Length (mm) Experimental Result Predicted Result 
Paste batch #1  
55.9 Collapsed Collapsed 
61.0 Collapsed Stood 
63.5 Deformed Stood 
68.6 Stood Stood 
76.2 Stood Stood 
Paste batch #2  
55.9 Collapsed Collapsed 
61.0 Collapsed Stood 
66.0 Stood Stood 



















5.6. SUMMARY AND CONCLUSIONS FOR PASTE FREEZING IN FEF OF 
THIN-WALL PARTS 
A simplified 1D heat transfer model was developed to efficiently study the 
freezing time of aqueous-based paste extruded in a freezing environment. The 1D model 
was validated by 3D simulations conducted using the commercial finite element software  
FLUENT. When the paste is near the substrate, the paste freezing time is small. As the 
part height increases, the paste freezing time increases, finally reaching a steady-state 
value. When this steady-state freezing time is larger than the total time between layers, 
the paste will be in a semiliquid state and the part enters a semifrozen region. When the 
steady-state freezing time is smaller than the total time between layers, the paste will be 
totally frozen. The critical freezing time, which is the steady-state freezing time when it is 
equal to the total time between layers, is theoretically the optimal total time between 
layers for the FEF process. 
An analytical freezing time model for thin-wall part was developed using a 
lumped method in order to gain more physical understanding about the freezing process 
of aqueous-based pastes extruded in a freezing environment. This method can be used to 
predict the freezing time of thin-wall parts with large numbers of layers. For parts with 
small numbers of layers, a detailed numerical simulation is required to compute the 
freezing time. The major assumption in the lumped method is that the temperature 
gradient is negligible inside a single paste filament.  
Two non-dimensional factors, the non-dimensional latent heat and the effective 




freezing time. As the non-dimensional latent heat increases, the non-dimensional critical 
freezing time increases linearly. As the effective Biot number increases, the non-
dimensional critical freezing time decreases nonlinearly. The two non-dimensional 
factors are affected by six factors, i.e., convection coefficient, paste material, paste solids 
loading, ambient temperature, filament height, and filament width. The effects of these 
dimensional factors on the critical freezing time were also studied. As the convection 
coefficient increases, the critical freezing time decreases nonlinearly. As each of the 
ambient temperature, filament height, and filament width increases, the critical freezing 
time increases nonlinearly. The effects of paste material and paste solids loading are 
complex due to the simultaneous changes of the paste thermal conductivity, specific heat, 
latent heat, and density. However, the effect of each single material property is clear. As 
the thermal conductivity increases, the critical freezing time decreases nonlinearly. As the 
specific heat increases, the critical freezing time increases nonlinearly. As the latent heat 
or density increases, the critical freezing time increases nearly linearly. The effect of 
initial paste temperature was not studied analytically; however, the numerical simulation 
showed that as the initial paste temperature increases, the critical freezing time increases 
linearly. 
Experiments were conducted using different pastes and extrusion parameters. The 
experimental critical freezing times have good agreement with the predicted critical 
freezing times using the lumped method as the average error is approximately 10% and 
the maximum error is 17.9%. The errors are mainly due to the uncertainty in the ambient 






6. SUMMARY AND CONCLUSIONS 
The Freeze-form Extrusion Fabrication process can be divided into two stages. 
The first stage is the paste flow in the extruder, and the second stage is the freezing 
process after the paste is deposited. During the first stage, the paste temperature is 
maintained in a small range above the freezing point, and fluid dynamics is dominating. 
During the second stage, the paste velocity is near zero, and heat transfer becomes 
dominating. Both of the two stages were studied in this paper. 
The paste flow stage was studied in Sections 2 and 3. A dynamic extrusion force 
constitutive model was developed to describe the relationship between the plunger 
velocity and the extrusion force in the extrusion of aqueous-based ceramic paste. A 
modified Herschel-Bulkley model was used to describe the viscosity of aqueous-based 
ceramic paste. The steady-state component of the constitutive model was then developed 
based on the Navier-Stokes equation. Because of the compressibility introduced by the 
trapped air, the extrusion force dynamic was described by a first-order nonlinear 
differential equation using plunger velocity as an input. The settling time depends on the 
amount of air trapped in the paste and the magnitude of the extrusion force. As more air 
is trapped in the paste, the settling time increases; as the extrusion force increases, the 
settling time and gain both decrease. The dynamics that occur during air bubble release, 
which causes a sudden drop in the extrusion force due to the change of the volume of 
paste in the nozzle, can be described by the developed constitutive model.  
A series of experimental and numerical studies were conducted to verify the 
developed constitutive model. A capillary rheometer was used to determine the viscosity 
model parameters, which were then used for the prediction of extrusion forces in a single 
extruder system. Extrusion experiments were also conducted in this single extruder 
system, and a good agreement was obtained between the predicted and measured 
extrusion forces. The extrusion experiments conducted on the capillary rheometer and on 
the single extruder system proved that the large settling time is mainly caused by the air 
trapped in the paste and the change of settling time also depends on the extrusion force. 
As the extrusion force increases from a small value, the settling time decreases rapidly, 




force is large, the settling time changes slowly, thus, the dynamic response is dominated 
by a first-order response. Air bubble release was studied by a series of simulations, which 
showed that the magnitude of drop in the extrusion force depends on the air bubble 
volume. Experimental and simulation results were compared for the dynamic response 
models of extrusion process and air bubble release. Good agreements were obtained in all 
of the experimental and simulation comparisons, suggesting that the constitutive model 
can be used to predict the steady-state and transient extrusion force responses, as well as 
to describe the air bubble release phenomenon in aqueous-based extrusion of ceramic 
paste. 
The paste freezing stage was studied in Sections 4 and 5. A simplified 1D heat 
transfer model was developed to efficiently study the freezing time of aqueous-based 
paste extruded in a freezing environment. The 1D model was validated by 3D simulations 
conducted using the commercial finite element software  FLUENT. When the paste is 
near the substrate, the paste freezing time is small. As the part height increases, the paste 
freezing time increases, finally reaching a steady-state value. When this steady-state 
freezing time is larger than the total time between layers, the paste will be in a semiliquid 
state and the part enters a semifrozen region. When the steady-state freezing time is 
smaller than the total time between layers, the paste will be totally frozen. The critical 
freezing time, which is the steady-state freezing time when it is equal to the total time 
between layers, is theoretically the optimal total time between layers for the FEF process. 
An analytical freezing time model for thin-wall part was developed using a 
lumped method in order to gain more physical understanding about the freezing process 
of aqueous-based pastes extruded in a freezing environment. This method can be used to 
predict the freezing time of thin-wall parts with large numbers of layers. For parts with 
small numbers of layers, a detailed numerical simulation is required to compute the 
freezing time. The major assumption in the lumped method is that the temperature 
gradient is negligible inside a single paste filament.  
Two non-dimensional factors, the non-dimensional latent heat and the effective 
Biot number, were shown to be the main variables affecting the non-dimensional critical 
freezing time. As the non-dimensional latent heat increases, the non-dimensional critical 




dimensional critical freezing time decreases nonlinearly. The two non-dimensional 
factors are affected by six factors, i.e., convection coefficient, paste material, paste solids 
loading, ambient temperature, filament height, and filament width. The effects of these 
dimensional factors on the critical freezing time were also studied. As the convection 
coefficient increases, the critical freezing time decreases nonlinearly. As each of the 
ambient temperature, filament height, and filament width increases, the critical freezing 
time increases nonlinearly. The effects of paste material and paste solids loading are 
complex due to the simultaneous changes of the paste thermal conductivity, specific heat, 
latent heat, and density. However, the effect of each single material property is clear. As 
the thermal conductivity increases, the critical freezing time decreases nonlinearly. As the 
specific heat increases, the critical freezing time increases nonlinearly. As the latent heat 
or density increases, the critical freezing time increases nearly linearly. The effect of 
initial paste temperature was not studied analytically; however, the numerical simulation 
showed that as the initial paste temperature increases, the critical freezing time increases 
linearly. 
Experiments were conducted using different pastes and extrusion parameters. The 
experimental critical freezing times have good agreement with the predicted critical 
freezing times using the lumped method as the average error is approximately 10% and 
the maximum error is 17.9%. The errors are mainly due to the uncertainty in the ambient 
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